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In the present study, we consider an extended form of teleparallel Lagrangian f(T, φ,X), as
function of a scalar field φ, its kinetic term X and the torsion scalar T . We use linear perturbations
to obtain the equation of matter density perturbations on sub-Hubble scales. The gravitational
coupling is modified in scalar modes with respect to the one of General Relativity, albeit vector
modes decay and do not show any significant effects. We thus extend these results by involving
multiple scalar field models. Further, we study conformal transformations in teleparallel gravity and
we obtain the coupling as the scalar field is non-minimally coupled to both torsion and boundary
terms. Finally, we propose the specific model f(T, φ,X) = T + ∂µφ ∂
µφ + ξTφ2. To check its
goodness, we employ the observational Hubble data, constraining the coupling constant, ξ, through
a Monte Carlo technique based on the Metropolis-Hastings algorithm. Hence, fixing ξ to its best-fit
value got from our numerical analysis, we calculate the growth rate of matter perturbations and we
compare our outcomes with the latest measurements and the predictions of the ΛCDM model.
Keywords: modified gravity, cosmological perturbation theory, dark energy.
I. INTRODUCTION
The late-time accelerated expansion of the universe has
been widely confirmed by low and high-redshift observa-
tions [1–4]. Although observations show that the cosmic
speed up is a consolidate fact, a corresponding physical
explanation of this process still remains one of the main
challenges of modern cosmology. Several models have
been suggested to describe this caveat [5], spanning from
adding unconventional fluids, passing through modified
matter density, up to the introduction of extended theo-
ries of gravity (see [6]). Among all models, the teleparallel
description of gravity has recently reached much atten-
tion [7–15].
In its simplest description, teleparallel gravity fur-
nishes a gravitational Lagrangian which coincides with
the Ricci scalar up to a boundary term. As a conse-
quence of this prescription, teleparallel gravity turns out
to be equivalent to the standard Einstein-Hilbert La-
grangian, behaving like General Relativity. In particular,
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one way to tackle the dark energy problem is to consider
new dynamical degrees of freedom inside the teleparal-
lel scheme. For example, theories in which one replaces
the Lagrangian by f(T ) functions, i.e. where the torsion
scalar is replaced by a nonlinear function f(T ) [16–21],
represent a viable framework naively inspired by f(R)-
gravity. This prescription can be even extended by a
more general form based on f(T,B) functions in order
to include both torsion and the boundary term [22, 23].
This leads to a generalization of both f(R) and f(T )
classes of models and have been also studied as f(R, T )
in [24].
In addition, one can use a scalar field responsible for
the expansion, providing a scalar-tensor teleparallel dark
energy acting as solution to the cosmic acceleration prob-
lem [26–31] and analogous to [25]. In this picture, the
scalar field should be non-minimally coupled to gravity.
This has been proved by working on renormalization of
scalar-tensor theory and in the context of quantum cor-
rections on curved spacetime [32–38].
The most common way is to include a single scalar
field, although this choice is not unique. Indeed, even
though the use of single field models is consistent with
data, the idea to consider multiple field models during
inflation and the late-time expansion [39] is still possi-
ble. The multi-field can also be non-minimally coupled
to gravity.
2In the case of General Relativity, using a convenient
conformal transformation, one can write the Lagrangian
in a particular frame where such a coupling does not
appear, i.e. the Einstein frame. In multiple field models,
these transformations lead to a curved field space [40, 41],
i.e. with non-canonical kinetic terms. Unfortunately, no
Einstein frames exist in teleparallel gravity, not even in
single field model [42, 43].
The torsion scalar is not a local Lorentz scalar (i.e. un-
der hAµ = Λ
A
B(x)h
B
µ). The violation of local Lorentz
symmetry gives six extra degrees of freedom [44], which
disappear in highly symmetric spacetime as in the case
of the Friedmann-Lemaˆıtre-Robertson-Walker (FLRW)
metric, or in the simplest model of teleparallel gravity.
Structures in the universe are generated from primor-
dial density perturbations when they enter the horizon.
The structure formation is a well-known phenomenon in
General Relativity. The linear matter perturbations on
sub-Hubble scales satisfy the following equation [45]
δ¨m + 2Hδ˙m − 4piGρmδm = 0 , (1)
where H is the Hubble parameter, δm is the matter en-
ergy density contrast, G is the gravitational coupling and
the dot stands for the cosmic time derivative. Further-
more, observations indicate the gravitational coupling G
can be a function of time,
∣∣G˙/G∣∣ < 4.10 × 10−11yr−1
(see [46, 47]). Using a modified theory of gravity, the
equation of matter perturbations’ growth in small scales
can be obtained by introducing an effective gravitational
coupling, Geff . Subsequently, growth of matter pertur-
bations becomes scale dependent. This can be used to
discriminate between proposed models of dark energy.
The aim of this work is to derive the equations of
matter density perturbations in generalized teleparallel
gravity non-minimally coupled to a scalar field. In the
Sec. II, we review teleparallel gravity. In Sec III, we
study f(T, φ,X) theory. Then, Sec. III A is devoted to
vierbein-based scalar and vector perturbations in linear
order around FLRW spacetime. Under a quasi-static ap-
proximation, we obtain the effective gravitational cou-
pling deep inside the Hubble radius. Some works have in-
vestigated the effects of teleparallel extra degrees of free-
dom on matter perturbations’ growth in a special case of
scalar-tensor modification [31] and f(T )-gravity [48–52].
Our work covers them as specific cases. It is convenient to
study teleparallel extra degrees in a more general form
of the Lagrangian that contains the non-minimal cou-
pling between scalar field and scalar torsion. We extend
our calculation to multiple scalar fields non-minimally
coupled to gravity in Sec. IV (for the General Relativity
case, see [40]). We then study conformal transformations
in Sec. V. We show that the torsion scalar non-minimally
coupled to scalar fields and the boundary term in the
form of f(−T+B, φi) has Einstein frame and respects the
local Lorentz symmetry. In Sec. VI, we obtain the effec-
tive gravitational coupling for scalar field non-minimally
coupled to both torsion scalar and the boundary term.
This work can be useful to test modified teleparallel grav-
ity in the future observations, e.g. large scales structures,
CMB and weak lensing. In Sec. VII, we focus on a pure
teleparallel theory with a vanishing potential. We thus
examine the theoretical predictions of such a model by
comparing the growth rate of matter perturbations with
the outcomes of the concordance ΛCDM model and the
most recent observations. Finally, we conclude by sum-
marizing our findings in Sec. VIII.
Throughout this study, ηAB = diag(1,−1,−1,−1) is
used as an orthogonal metric. Greek indices refer to the
coordinates of the manifold, while capital Latin indices
refer to the tangent space. We use i, j, k... = 1, 2, 3 and
a, b, c... = 1, 2, 3 for their spatial parts, respectively. We
also set M2Pl = (8piG)
−1 = 1, where MPl is the reduced
Planck mass.
II. A REVIEW OF TELEPARALLEL GRAVITY
Vierbein fields hAµ represent a set of orthonormal ba-
sis at each point of the tangent space of the manifold
(M, gµν). The metric tensor on this manifold is related
to vierbein fields by
gµν = ηABh
A
µh
B
ν . (2)
Considering a class of frames in which spin connection is
zero, we use the curvatureless Weitzenbo¨ck connection as
follows
Γ˜αµν := h
α
A ∂νh
A
µ = −hAµ∂νh αA . (3)
This connection is used for parallel transport of vierbein
fields, i.e. ∇˜µh νA = 0, where ∇˜µ is covariant derivatives
with respect to the Weitzenbo¨ck connection. Using this
connection results in the nonvanishing tensor and scalar
torsion, respectively,
Tαµν = h
α
A
(∇µhAν −∇νhAµ) , (4)
T = TαµνS
µν
α, (5)
where ∇µ is the covariant derivative defined by the Levi-
Civita connection and
Sαµν =
1
4
(Tαµν + T µαν − T ναµ)
− 1
2
(
gανT βµβ − gµαT βνβ
)
(6)
is the superpotential tensor, which is antisymmetric un-
der last two indices. In the Riemannian geometry, cur-
vature does not vanish differently from the torsion which
is zero. In this picture Tαµν represents a tensor with no
geometric meaning. However, we use Weitzenbo¨ck con-
nection where Tαµν is interpreted as a torsion tensor.
The metric is invariant under local Lorentz transforma-
tions in the tangent space. In this case, the vierbein fields
becomes
hAµ → ΛAB(xν)hBµ. (7)
3Consequently, the torsion tensor transforms as
Tαµν → Tαµν + Λ AB h αA
(
hCν ∂µ − hCµ ∂ν
)
ΛBC . (8)
The torsion scalar can be written as T = −R+B, where
B = 2∇νT µ νµ is the boundary term, and R is Ricci scalar
constructed from Levi-Civita connection.
III. f(T, φ,X) THEORY
The general form of an action, S, containing the tor-
sion scalar T , a scalar field φ and the kinetic term
X ≡ ∇µφ∇µφ, is given by [54]
S =
∫
d4xh
[
1
2
f(T, φ,X) + Lm
]
, (9)
where h is determinant of vierbein fields hAµ, and Lm is
matter Lagrangian. Varying the action with respect to
vierbein fields yields to (9)
Θ µA =
1
2
fh µA + fT
[
h−1∂ν
(
hh ρA S
µν
ρ
)
− h γA SρβµTρβγ
]
+ h ρA S
νµ
ρ ∂νfT −
1
2
fXh
ν
A ∂
µφ∂νφ, (10)
where fT := ∂f/∂T , fX := ∂f/∂X and Θ
µ
ν =
hAνΘ
µ
A = −hAν δLm/δhAµ is the matter energy-
momentum tensor. We have dropped the explicit de-
pendence on f . Further, variation of the action (9) with
respect to scalar field provides the following field equa-
tion:
φ+
∂αfX
fX
∂αφ− fφ
fX
= 0 , (11)
where φ = ∂µ
(√−g∂µφ)/√−g. We can thus write
Eq. (10) under a covariant representation by
Θ µα =fTG
µ
α +
1
2
δµα(f − fTT ) + S νµα ∂νfT
− 1
2
fX ∂
µφ ∂αφ, (12)
where G µα is the Einstein tensor. One requests that the
energy-momentum tensor is invariant under local Lorentz
transformation and symmetric. As a consequence, its
antisymmetric part turns out to vanish:(
S λνα g
αµ − S λµα gαν
)
∂λfT = 0. (13)
According to the cosmological principle and recent obser-
vations, we choose the spatially flat FLRW as the back-
ground spacetime,
ds2 = dt2 − a2(t) δij dxi dxj , (14)
where a(t) is the scale factor. Under the trivial choice of
vierbein fields, (
hAµ
)
= diag (1, a, a, a) , (15)
the field equations read
ρm = 3H
2fT − 1
2
(f − fTT ) + 1
2
fX φ˙
2, (16)
pm = −
(
3H2 + 2H˙
)
fT +
1
2
(f − fTT )−H ∂0fT , (17)
0 = φ¨+
(
3H +
∂0fX
fX
)
φ˙− fφ
fX
, (18)
where we considered that φ depends only on time at the
background level. The quantities ρm and pm are the en-
ergy density and pressure of matter respectively. We can
rewrite Eqs. (16) and (17) as follows
ρDE + ρm = 3H
2,
pDE + pm = −
(
3H2 + 2H˙
)
, (19)
where ρDE and pDE are defined by
ρDE = 3H
2(1− fT ) + 1
2
(f − fTT )− 1
2
fX φ˙
2,
pDE = −(3H2 + 2H˙)(1 − fT )− 1
2
(f − fTT ) +H ∂0fT .
(20)
Finally, we can now write dark energy equation of state
ωDE := pDE/ρDE, with pm = ωρm:
ωDE = −
1 +
2H˙
3H2
+
ωρm
3H2
1− ρm
3H2
. (21)
A. Cosmological perturbations
The cosmological principle predicts homogeneity and
isotropy on large scales. In the FLRW model the com-
plex distribution of galaxies and clusters of galaxies can
be described by adopting perturbations. In particular,
perturbations as seeds of all structures can explain the
existence of the observed inhomogeneity.
In this section, we discuss these perturbations in vier-
bein approach around the homogeneous and isotropic
model at sub-Hubble scales. The vierbein fields for
FLRW perturbations can be written as
h
(0)
µ
=δ0µ(1 + ψ) + aδ
i
µ ∂i(F + α) + aδ
i
µ (Gi + αi) ,
h
(a)
µ
=aδaµ(1− ϕ) + aδiµ (∂i∂aB + ∂aCi + h ai )
+ aδiµB
a
i + δ
0
µ (∂
aα+ αa) , (22)
where ψ, ϕ, F , α and B are scalar quantities; Gi, αi and
Ci are vectors; hij is a tensor and Bij with Bij +Bji = 0
has both scalar and vector parts. Here, all vectors are
transverse, and the tensor is both transverse and trace-
less.
Perturbations α, αi and Bij do not appear in quan-
tities evaluated from the metric. If perturbations are
4small, one can choose a coordinate system in which vier-
bein perturbations become small too. Moreover, the ac-
tion is invariant under gauge transformations, so that by
performing the gauge transformation xµ → x˜µ = xµ+ξµ,
the vierbein fields transform as
hAµ˜(x˜) =
∂xν
∂x˜µ
hAν(x). (23)
Using transformation (23), vierbein perturbations in new
gauge become
h˜ij =hij ,
B˜ij =Bij + ξ
(v)
i,j /a− ξ(v)j,i /a,
G˜i =Gi + ξ˙
(v)
i ,
α˜i =αi − ξ˙(v)i ,
C˜i =Ci − ξ(v)i /a,
ψ˜ =ψ − ξ˙0,
F˜ =F + ξ˙/a− ξ0/a,
α˜ =α− ξ˙,
B˜ =B − ξ/a,
ϕ˜ =ϕ+Hξ0. (24)
We have used ξi :=
(
ξ
(v)
i + ξ,i
)
/a, where ξ
(v)
i is the trans-
verse part of ξi. The scalar, vector and tensor perturba-
tions are not coupled to each other at linear order. Thus,
they can be handled independently.
We now study scalar and vector perturbations in sub-
Hubble scales separately.
1. Scalar Perturbations
In this subsection, we consider scalar perturbations,
which are related to the density perturbations. By choos-
ing a convenient gauge, i.e. ξ, ξ0 and ξ
(v)
i , one sets B,
F and Ci to zero. Further, proceeding with conformal
Newtonian or zero-shear gauge, the corresponding line
element is given by
ds2 = (1 + 2ψ) dt2 − a2(1− 2ϕ)δij dxi dxj . (25)
The metric perturbation ψ is the generalized Newtonian
potential and ϕ is related to the perturbation in the sur-
face three-curvature. Vierbein fields corresponding to the
metric (25) take the following forms:
h
(0)
µ
=δ0µ(1 + ψ) + aδ
i
µ ∂iα,
h
(a)
µ
=aδaµ(1− ϕ) + aδiµB ai + δ0µ ∂aα, (26)
where α and B ai are extra scalar teleparallel degrees and
∂i∂jB
ij = 0. The scalar field can be decomposed as
φ(xi, t) = φ(t) + δφ(xi, t), (27)
where φ(t) and δφ(xi, t) are the background and first or-
der perturbations respectively. We thus assume that the
background matter is made by a perfect fluid source. Up
to the first order of perturbations, the matter energy-
momentum becomes
(
Θ νµ
)
=
( −(ρm + δρm) −a−2(ρm + pm) ∂iδu
(ρm + pm) ∂iδu δ
i
j(pm + δpm)
)
,
(28)
where δu is the potential of velocity perturbation. The
quantities δρm and δpm are matter perturbations for the
density and pressure respectively. By means of Eq. (12),
the first order of perturbation in energy density becomes
−δρm =− 3H2 δfT + fT
[
6H(ϕ˙+Hψ) +
2
a2
∂2ϕ
]
+
1
2
(
δf − δfT T − fT δT
)−X δfX
− fX φ˙ ∂0δφ, (29)
where ∂2 := δij∂i∂j and the momentum density is
(pm + ρm) ∂iδu =− 2fT ∂i(ϕ˙+Hψ) +H ∂iδfT
+
1
2
fX ∂0φ∂iδφ. (30)
It is worth remarking that since background quantities
have not spatial dependence, spatial derivatives can be
dropped in Eq. (30). Next, the energy flux is obtained as
−(pm + ρm) ∂iδu =2fT ∂i(ϕ˙+Hψ)
+
(
∂iϕ+
1
2
∂jB
ij
)
∂0fT
− 1
2
fX ∂0φ∂
iδφ. (31)
We can also write the diagonal components of momentum
flux as follows
δpm = − δfT
(
2H˙ + 3H2
)
+ fT
[
6H(ϕ˙+Hψ) + 2
(
ϕ¨+Hψ˙ + 2H˙ψ
)]
+
1
2
(δf − δfT − fT δT ) + (ϕ˙+ 2Hψ) ∂0fT
−H ∂0δfT . (32)
Its anisotropic part becomes
fT∂
i∂j(ψ − ϕ) + a ∂i∂jα∂0fT = 0. (33)
The relation (33) can be written as
ψ − ϕ = −∂0fT
fT
aα. (34)
In General Relativity or the simplest model of telepar-
allel gravity, when fT = 1, the anisotropic part of field
equations (10) vanishes, i.e. ψ = ϕ. Instead, Eq. (34)
5shows one of the important consequences of using mod-
ified teleparallel gravity, i.e. ψ 6= ϕ. If we neglect the
extra degree α in Eq. (34), the anisotropic stress will
vanish. In f(R, φ,X)-theory the extra degrees do not
appear. The anisotropic part, however, does not vanish
and it is proportional to δfR [40]. Constraint (13) is au-
tomatically satisfied at the background level. However,
at linear order of perturbations, it becomes(
∂iϕ+
1
2
∂jB
ij
)
∂0fT +H ∂
iδfT = 0. (35)
By using ∂i∂jB
ij = 0, Eq. (35) assumes the following
form
H∂i∂
iδfT + ∂0fT∂i∂
iϕ = 0. (36)
We consequently have
ϕ = − H
∂0fT
δfT . (37)
The scalar field’s equation (11) at linear order of pertur-
bations can be written as
0 =δfX
(
φ¨− 3Hφ˙
)
+ ∂0δfX φ˙+ ∂0fX∂0δφ− δfφ
+ fX
{
− 2ψφ¨− 6Hϕφ˙+ ∂20δφ−
1
a2
∂2δφ
− ψ˙φ˙+ [6H(ψ + ϕ)− 3ϕ˙] φ˙+ 3H∂0δφ
}
, (38)
Torsion scalar up to linear order is T = −6H2 + 12(ϕ˙+
Hψ)+4∂2ζ/a2 where ζ := aHα is a dimensionless quan-
tity. In sub-Hubble scales (k ≫ aH) with the condition
Q˙ ≤ |HQ| (where Q = φ, ϕ, ψ), Eq. (38) takes the fol-
lowing form
− fX
a2
∂2δφ− δfφ = 0. (39)
The linear order perturbation of fφ can be calculated as
δfφ ≃ fφT δT + fφφδφ ≃ fφT 4
a2
∂2ζ + fφφδφ. (40)
If we insert the above expression into Eq. (39), we obtain
− fX
a2
∂2δφ− fφφδφ ≃ fφT 4
a2
∂2ζ , (41)
which yields
δφ ≃ −4 (k/a)
2fφT ζ
(k/a)2fX − fφφ . (42)
Considering that field’s derivatives do not appear in fT
and using Eq. (40) and Eq. (42), from Eq. (37) we get
ϕ =
4H
∂0fT
[
f2φT
(k/a)2fX − fφφ + fTT
](
k
a
)2
ζ . (43)
Therefore, by using Eqs. (34) and (43), we obtain the
strength of anisotropic stress:
η :=
ψ − ϕ
ϕ
=− (∂0fT )
2
4H2fT
[
f2φT
(k/a)2fX − fφφ + fTT
]−1(
k
a
)−2
.
(44)
Using energy density (29), the Poisson equation becomes
(
k
a
)2
ψ =
1
fT
(1 + η)
δρm
2
. (45)
Hence, we can obtain the generalized gravitational cou-
pling as follows
Geff =
1 + η
fT
. (46)
We can also find (
k
a
)2
ϕ =
1
fT
δρm
2
. (47)
The effective potential Φeff := ϕ+ψ, which appears in the
frameworks of Weak Lensing and Integrated Sachs-Wolfe
effect, is:
Φeff =
2 + η
1 + η
ψ, (48)
which is affected by η. In the case of pressureless matter,
the conservation of the energy-momentum tensor gives
δ˙ρm + 3H δρm =ρm
(
k
a
)2
δu+ 3ρmϕ˙, (49)
˙δu =− ψ. (50)
Then, defining the gauge-invariant matter density con-
trast as
δm :=
δρm
ρm
− 3H δu, (51)
using Eq. (50) and time derivative of Eq. (49), deep inside
the Hubble radius, one gets
δ¨m + 2Hδ˙m −
(
k
a
)2
ψ ≃ 0 , (52)
and, finally,
δ¨m + 2Hδ˙m −Geff ρm δm
2
≃ 0. (53)
We can use Eq. (46) to write the gravitational coupling
in some models, e.g.:
6• Using f = T +2P (φ,X), where P (φ,X) is an arbi-
trary function of the scalar field and the kinetic
term, we obtain the standard gravitational cou-
pling, i.e. Geff = 1.
• In the case of f = T + F (T ), where f is an ar-
bitrary function of the torsion scalar, the effective
gravitational coupling reduces to
Geff ≃ 1
1 + FT (T )
, (54)
which is the same as in [50].
• The scalar field non-minimally coupled to the tor-
sion scalar by f = F (φ)T − ∂µφ∂µφ− 2U(φ) leads
to the following effective gravitational coupling:
Geff ≃ 1
F (φ)
(
1− φ˙
2
2H2F (φ)
)
. (55)
If we consider F (φ) = 1 + ξφ2, the above formula
agrees with [31].
• Inspired from the Brans-Dicke theory [53], we con-
sider f = φT +2ωBDX/φ, where ωBD is a constant.
In this case, the gravitational coupling takes the
form
Geff ≃ 1
φ
(
1− ωBD φ˙
2
2H2φ2
)
. (56)
We can see ωBD → 0 results in Geff → 1/φ.
2. Vector Perturbations
In this paragraph, we study the vector perturbations.
Vector parts of vierbein perturbations are given by
h
(0)
µ
=δ0µ + aδ
i
µ (Gi + αi) ,
h
(a)
µ
=aδaµ + aδ
i
µ
(
∂aCi +B
a
i
)
+ δ0µα
a, (57)
where B ai and αi have four extra vector degrees of free-
dom and ∂iαi = 0. The scalar field φ has only scalar
perturbations and consequently does not contribute to
vector perturbations. The vector part of the field equa-
tion (10) gives the momentum density perturbation as
δΘ0i = fT δG
0
i , (58)
or, equivalently, one can write
aρm δu
V
i =
1
2
fT ∂
2Gi. (59)
The right hand side of the above relation becomes pro-
portional to a−2. The vector perturbations of Eq. (13),
for µ = 0 and ν = i, become
βi = 3aHGi . (60)
For µ = i and ν = j, we get
∂i
(
Gj + αj
)
= ∂j
(
Gi + αi
)
. (61)
Therefore, αi and βi decay as a−2 and consequently have
no significant effect in cosmological evolution. This be-
haviour is the same as f(T )-gravity [51]. The constraints
given here and in [51] are modified by replacing fT (T ) by
fT (T, φ,X). Since these constraints are time-dependent
background quantities, they lead to the same equations.
3. Super-horizon scales
In the previous paragraphs, we investigated the scalar
perturbations on sub-Hubble scales. However, it has been
shown in [55] that deviations in f(T ) gravity from the
ΛCDM model become important on super-horizon scales
(k ≪ aH), at which the evolution of the perturbations
results very different. Also, in [51] it was found that sig-
nificant deviations from General Relativity arise from ex-
tra degrees of freedom in modified teleparallel gravity on
super-horizon scales. We expect the same behaviour in
our picture. In particular, the combination of Eqs. (29),
(31) and (32) evaluated in the super-Hubble limit would
provide δm as sum of a constant plus a term that en-
codes the departure from General Relativity due to the
new degrees of freedom.
IV. MULTIPLE SCALAR FIELD MODEL
In this section, we extend the action (9) to mul-
tiple scalar fields f(T, φI , X), where non-canonical ki-
netic terms and metric of field space are 2X :=
GIJ(φK)∇µφI∇µφJ and GIJ(φK) respectively. Indices
I, J,K, ... = 1, 2, 3, .., N stand for N scalar fields. Vari-
ation of action with respect to vierbein fields, whereas
scalar fields yield respectively,
fTG
µ
α +
1
2
δµα(f − fTT ) + S νµα ∂νfT
−1
2
fXGIJ ∇αφI ∇µφJ =Θµα, (62)
∇µ∇µφI + ΓIJK ∇µφJ ∇µφK +
∂µfX
fX
∇µφI
−GIJ fJ
fX
=0, (63)
where ΓIJK is the Levi-Civita symbol constructed from
field space metric GIJ , and fI denotes derivative of f
with respect to the scalar field φI . Eq. (62) in FLRW
background gets the following form:
ρm = 3H
2fT − 1
2
(f − fTT ) + 1
2
fXGIJ φ˙I φ˙J , (64)
pm = −
(
3H2 + 2H˙
)
fT +
1
2
(f − fTT )−H∂0fT . (65)
7Field equation (63) also takes the following compact form
in the background:
Dt
(
fXa
3φ˙I
)
= f Ia3, (66)
where Dt defined by
Dtφ˙I := φ¨I + ΓIJK φ˙J φ˙K (67)
acts as ordinary derivatives on quantities that have not
capital Latin indices. On sub-Hubble scales and in the
quasi-static approximation, only Eq. (39) changes,
− fX ∂
2
a2
δφI − fJ GIJ,K δφK − GIJ δfJ = 0. (68)
With straightforward calculation we arrive to the follow-
ing strength of anisotropic stress:
ηeff :=
(∂0fT )
2
H2fT
[
fTI(β
−1γ)I − 4fTT
(
k
a
)2]−1
, (69)
where β and γ are background matrices defined as
β IJ :=fXδ
I
J
(
k
a
)2
− GIK,JfK − GILfLJ , (70)
γI :=− 4GIJfJT
(
k
a
)2
. (71)
Thus, the effective gravitational coupling can finally be
written as follows
Geff ≃ 1 + ηeff
fT
. (72)
It is worth noting that, in the case of a single field,
Eq. (69) reduces to Eq. (44).
As an example, one can consider the action ofN canon-
ical scalar fields non-minimally coupled to the torsion
scalar:
S =
∫
d4xh
[
F (φI)T − 1
2
δIJ ∂µφ
I ∂µφJ − V (φI)
]
.
(73)
In that case, one has
Geff ≃ 1
F
(
1− F˙
2
2FH2
∑
I F
2
I
)
. (74)
V. CONFORMAL TRANSFORMATIONS
So far we have considered scalar fields non-minimally
coupled to gravity. Since the form of field equations are
complicated in presence of non-minimal coupling, it is
a common procedure to use conformal transformations
and to write the equations in the Einstein frame. Shift-
ing from the Jordan frame to the Einstein frame would
simplify the equations. As a consequence, it is worth ex-
ploring the existence of the Einstein frame in teleparallel
gravity. To do that, we consider the following transfor-
mation:
hˆAµ =Ω(x
α)hAµ, hˆ
µ
A =Ω
−1(xα)h µA , (75)
where we have used the ‘hat’ notation for quantities in
the new frame and Ω as the conformal factor. The con-
formal transformation (75) in FLRW leads to
dtˆ =Ω(t) dt, aˆ(tˆ) = Ω(t) a(t), dxˆi =dxi. (76)
The vector and tensor perturbations are conformally in-
variant. Considering the conformal factor up to linear or-
der of perturbations, Ω(t,x) = Ω(t) [1 + δΩ(t,x)/Ω(t)],
one can write
δhˆµν = Ω δhµν + hµν δΩ. (77)
The perturbation in the component of vierbein that van-
ishes in the FLRW background, are conformal invari-
ant. Comparing change of vierbein fields under conformal
transformation in first order of perturbations, we have
ψˆ =ψ +
δΩ
Ω
,
ϕˆ =ϕ− δΩ
Ω
. (78)
The other scalar perturbations and the extra degrees of
freedom are conformal invariant. Newtonian gauge, con-
sidered in this work, does not change under this transfor-
mation. But the gauge condition for some other gauges,
such as synchronous gauge, is not preserved in conformal
transformation. Considering the gauge in which con-
formal factor is uniform, i.e. δΩ = 0, all perturbation
quantities become conformal invariant. In single field
model this condition is equivalent to comoving gauge,
δΩ ∝ δφ. However, in multiple field models it is different
from comoving gauge. We consider a multi-field model
with scalar fields non-minimally coupled to gravity as
follows:
S =
∫
d4xh
[
1
2
f(T, φi)− 1
2
Gij ∂µφi ∂µφj − V (φi)
]
,
(79)
where f(T, φi) is an arbitrary function of torsion scalar
and scalar fields, and V (φi) is a general potential. So,
we define the Lagrangian of scalar fields by
Lφ := −1
2
Gij ∂µφi ∂µφj − V (φi). (80)
The presence of coupling between torsion and scalar fields
in Eq. (79) implies that there is an energy transfer be-
tween them. Consequently, we obtain
∇µΘ(φ)µν = −
1
2
∂f(T, φi)
∂φj
∇νφj , (81)
8where
Θ(φ)µν = −
2√−g
δ
(√−gLφ)
δgµν
(82)
is the energy-momentum tensor of scalar fields. Varying
the action (79) with respect to the vierbein field leads to
the following field equations:
− fTGµν + 1
2
(fTT − f)gµν + 2∂αfTS αν µ
− gµν
[
1
2
Gij∂αφi ∂αφj + V (φi)
]
+ Gij ∂µφi ∂νφj = 0. (83)
The term 2∂αfTS
α
ν µ in Eq. (83) leads to the violation of
the local Lorentz symmetry. This term can, however, be
removed by considering ∂αfT = 0, i.e. f coincides with
torsion scalar minimally coupled to scalar fields. This
case is equivalent to General Relativity. By introducing
a new auxiliary field χ, we can write the action (79) as
S =
∫
d4xh
[
1
2
f,χ(χ, φ
i)T − 1
2
Gij ∂µφi ∂µφj
− U(χ, φi)
]
, (84)
where the new potential is defined by 2U(χ, φi) :=
2V (φi)−f(χ, φi)+fχ(χ, φi)χ. The variation of Eq. (84)
with respect to the auxiliary field yields to
(T − χ)f,χχ = 0. (85)
In the case f,χχ 6= 0, we get χ = T . In other words, χ
comes from the nonlinearity of f in terms of the torsion
scalar. Using a convenient conformal transformation in
General Relativity, one can write scalar fields minimally
coupled to the Ricci scalar. However, such transforma-
tion does not exist in teleparallel theories. Performing
the transformation (75), torsion tensor transforms as fol-
lows
Tˆ ρµν = T
ρ
µν +Ω
−1
(
δρν ∂µΩ− δρµ ∂νΩ
)
, (86)
and torsion scalar becomes
T = Ω2Tˆ − 4Ω ∂ˆµΩ Tˆ ρρµ − 6 ∂ˆµΩ ∂ˆµΩ. (87)
We can also write transformation of the boundary term
B = 2∂µ
(
hT ρ µρ
)
/h by
B = Ω2Bˆ − 4ΩTˆ ρ µρ ∂ˆµΩ− 18 ∂ˆµΩ ∂ˆµΩ + 6Ω ∇ˆα∇ˆαΩ.
(88)
Therefore, the action can be written as
S =
∫
d4x hˆ
[
f,χ
2Ω2
Tˆ − 2f,χ
Ω3
∂ˆµΩ Tˆ ρρµ −
3
Ω4
∂ˆµΩ ∂ˆ
µΩ
− 1
2Ω2
Gij ∂ˆµφi ∂ˆµφj − U(χ, φ
i)
Ω4
]
. (89)
Plugging a conformal factor as Ω2 = f,χ and integrating,
the action (89) gets the following form
S =
∫
d4x hˆ
[
1
2
Tˆ +
1
2
(ln f,χ) Bˆ − 1
2
GˆIJ ∂ˆµφI ∂ˆµφJ
− Uˆ(φI)
]
, (90)
where the scalar fields are {φI} := {φi, χ}, and Uˆ(φI) :=
U(φI)/f2χ is the new potential. We have also defined a
new metric GˆIJ of field space:
Gˆij = 1
fχ
Gij + 3
2
f,χif,χj
f2,χ
,
Gˆiχ =Gˆχi = 3
2
f,χif,χχ
f2,χ
,
Gˆχχ =3
2
(
f,χχ
f,χ
)2
. (91)
In the trivial case f,χ = 1, the second term of Eq. (90)
vanishes. But in general we cannot find a conformal
transformation to move to the Einstein frame.
Due to the conformal transformation, the mat-
ter Lagrangian becomes a function of scalar fields,
Lm
[
hˆAµΩ
−1,Ψm
]
, where Ψm is all the matter fields.
This effect had been used in screening mechanisms, e.g.
chameleon [56] and symmetron [57]. One can write
Θˆ(m)µν = Θ
(m)
µν Ω
−2. (92)
We also obtain
∇ˆµΘˆ(m)µν = Ω−4
(
∇µΘ(m)µν −Θ(m)µµ
∂νΩ
Ω
)
. (93)
Considering the energy-momentum conservation for mat-
ter in the Jordan frame, i.e. ∇µΘ(m)µν = 01, in the new
frame there will be an energy transfer between the tor-
sion and scalar fields, ∇ˆµΘˆ(m)µν 6= 0. However, for the
traceless component of matter, this conservation is a con-
formal invariant. In General Relativity the total energy-
momentum tensor, i.e. Θˆ
(m)
µν + Θˆ
(φ)
µν , is conserved in the
Einstein frame [40]. However, it is simple to show that
the total energy-momentum is not conserved for the ac-
tion (90). The second term in the action (90) motivates
us to use the boundary term in Eq. (79).
Thus, we can modify the action through a function
of scalar torsion, scalar fields and boundary term. In so
doing, it is immediate to see that f(T,B) theories include
both f(R) and f(T ). Indeed, if we consider an action of
the form
S =
1
2
∫
d4xh
[
f(T,B, φi)− Gij ∂µφi ∂µφj − 2V (φi)
]
,
(94)
1 This conservation law comes from the invariance of the matter
action under the transformation of xµ → xµ + ξµ.
9with introducing four auxiliary fields χ1, χ2, γ1 and γ2,we
can write:
S =
1
2
∫
d4xh
[
f(χ1, χ2, φ
i) + (T − χ1)γ1 + (B − χ2)γ2
− Gij ∂µφi ∂µφj − 2V (φi)
]
. (95)
Its variation with respect to γ1, γ2, χ1 and χ2 yields to
χ1 = T , χ2 = B, γ1 = f,χ1(χ1, χ2) and γ2 = f,χ2(χ1, χ2)
respectively. Therefore, we write Eq. (95) as
S =
1
2
∫
d4xh
[
f,χ1T + f,χ2B − Gij ∂µφi ∂µφj
− 2U(χ1, χ2, φi)
]
, (96)
where 2U := 2V + f,χ1χ1 + f,χ2χ2 − f . We now write
this action by using the quantities defined in new frame:
S =
∫
d4x hˆ
(
f,χ1
2Ω2
Tˆ +
f,χ2
2Ω2
Bˆ − 2f,χ1
Ω3
∂ˆµΩ Tˆ
ρ µ
ρ
− 3f,χ1
Ω4
∂ˆµΩ ∂ˆ
µΩ− 2f,χ2
Ω3
∂ˆµΩ Tˆ
ρ µ
ρ
− 9f,χ2
Ω4
∂ˆµΩ ∂ˆ
µΩ+
3f,χ2
Ω3
∇ˆα∇ˆαΩ
− 1
2Ω2
Gij ∂ˆµφi ∂ˆµφj − U
Ω4
)
. (97)
We can then collect terms that contain scalar fields cou-
pled to the torsion tensor as follows
−
∫
d4x hˆΩ−3
(
2f,χ1 ∂ˆµΩ + Ω ∂ˆµf,χ2
)
Tˆ ρ µρ , (98)
where we integrated by parts.
In order to omit such a coupling, we can consider
f,χ1 ∂ˆµ lnΩ
2 = −∂ˆµf,χ2 . In analogy to the previous case,
let us plug Ω2 = f,χ1 in Eq. (97), leading to a minimal
coupling between the torsion scalar and the scalar fields,
i.e.
S =
∫
d4x hˆ
[
1
2
Tˆ +
f,χ2
2f,χ1
Bˆ − f−2,χ1 ∂ˆµ(f,χ1 + f,χ2) Tˆ ρ µρ
− 1
2
GˆIJ ∂ˆµφI ∂ˆµφJ + Uˆ(φI)
]
, (99)
where the new metric GˆIJ contains Gij and all those terms
that have ∂ˆµΩ ∂ˆµΩ in the action (97). Considering f,χ2 =
−f,χ1 , scalar fields get completely decoupled from the
torsion tensor. The variation of Eq. (94) with respect to
the vierbeins provides us the field equations
h µA fB − h νA ∇µ∇νfB +
1
2
BfBh
µ
A
+ 2∂ν (fB + fT )S
νµ
A + 2h
−1∂ν
(
hS νµA
)
fT
− 2fTTανAS µνα −
h
2
h µA
[
f − Gij∂αφi ∂αφj − 2V (φi)
]
= 0,
(100)
or equivalently,
− fTGµν + (gµν−∇µ∇ν) fB
+
1
2
(fBB + fTT − f)gµν + 2S αν µ ∂α(fT + fB)
− gµν
[
1
2
Gij∂αφi ∂αφj + V (φi)
]
+ Gij ∂µφi ∂νφj = 0. (101)
Thus, one can write again Eq. (81).
The existence of the term 2∂α(fT + fB)S
α
ν µ violates
the local Lorentz symmetry. The necessary condition to
obtain the local Lorentz symmetry is again fT + fB = c,
i.e. f(T,B, φi) = F (R, φi) + cB. We note that the Ricci
scalar constructed from the Weitzenbo¨ck connection van-
ishes. In fact, we use R to refer to the Ricci scalar con-
structed from the Levi-Civita connection. In this case
fT = −FR and fB = FR + c, consequently Eq. (101)
reduces to the field equation proper of a F (R)-theory,
FRGµν + (gµν−∇µ∇ν)FR + 1
2
(FRR− F )gµν
− gµν
[
1
2
Gij∂αφi ∂αφj + V (φi)
]
+ Gij ∂µφi ∂νφj = 0 . (102)
It is worth noticing that the gravitational coupling in
F (R, φi) has been extensively investigated. Thus, we do
not need to furnish any further details on it. The torsion
scalar and the boundary term depend on first and second
derivatives of the vierbein fields respectively. The second
term in Eq. (101) contains fBB ∂µ∂νB. Hence, the field
equations turn out to be fourth order. In the case of a
Lagrangian of the form
f(T,B, φ) = A(T, φ)B + C(T, φ), (103)
this term vanishes. However, the fourth term contains
the third derivatives of the vierbein fields. Considering
A(T, φ) = c where c is a constant, one gets a second-order
theory with the Lagrangian
f(T,B, φ) = cB + C(T, φ). (104)
Thus, if the Lagrangian is a function of the torsion scalar
non-minimally coupled to scalar field, the whole scenario
becomes a second-order theory.
VI. SCALAR FIELD NON-MINIMALLY
COUPLED TO TORSION SCALAR AND THE
BOUNDARY TERM
In this section, we obtain the effective gravitational
coupling with a scalar field non-minimally coupled to
both torsion scalar and the boundary term. We restrict
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our attention to the following action, introduced in [22]:
S =
∫
d4xh
[
− T
2
− 1
2
(
∂µφ ∂
µφ+ ξTφ2
+ χBφ2
)
− V (φ) + Lm
]
. (105)
The case in which ξ = χ = 0 reduces to General Relativ-
ity. If ξ+χ = 0, the scalar field is non-minimally coupled
to the Ricci scalar.
The variation of the action with respect to vierbein
fields and scalar field yields to the following field equa-
tions respectively:
(1 + ξφ2)Gµν − δµν
[
1
2
∂αφ ∂
αφ− V (φ)
]
+∇µφ∇νφ
− 4(ξ + χ)S λµν φ∂λφ− χ (δµν−∇µ∇ν)φ2
= Θµν , (106)
∇µ∇µφ+ Vφ = (ξT + χB)φ . (107)
In particular, Eq. (107) in the background spacetime
takes the form
φ¨+ 3Hφ˙+ 6
[
ξH2 + χ(3H2 + H˙)
]
φ+ Vφ = 0. (108)
Further, Einstein’s field equations can be written as fol-
lows
3H2 =ρm + ρφ,
3H2 + 2H˙ =− (pm + pφ), (109)
where
ρφ =
φ˙2
2
+ V (φ) − 3ξH2φ2 + 6χHφφ˙,
pφ =
1
2
(1− 4χ)φ˙2 − V (φ) + 2Hφφ˙(2ξ + 3χ)
+ 3H2φ2(ξ + 8χ2) + 2φ2H˙(ξ + 6χ2)
+ 2χφVφ(φ). (110)
Up to first-order perturbations, the boundary term be-
comes
B =− 18H2 − 6H˙ + 12(3H2 + H˙)ψ + 6H(6ϕ˙+ ψ˙)
+ 6ϕ¨+ 2
∂2
a2
(2ζ + ψ − 2ϕ). (111)
Hereafter we use the quasi-static approximation, i.e.
|Q˙| ≤ |HQ| for Q = φ, ψ, ϕ on sub-horizon scales
k ≫ aH . Hence, we get
B ≃− 6(3H2 + H˙) + 2a−2∂2(2ζ + ψ − 2ϕ),
T ≃− 6H2 + 4a−2∂2ζ,
R ≃− 6(2H2 + H˙) + 2a−2∂2(ψ − 2ϕ). (112)
The antisymmetric part of the field equation is
4(ξ + χ)
(
gµαS λβµ − gνβS λαν
)
φ ∂λφ = 0. (113)
This constraint in FLRW background is automatically
satisfied. So, we consider below two different cases:
A. ξ + χ = 0
The first case lies on assuming Eq. (113) satisfied at
all perturbed orders for ξ + χ = 0. In this case, as the
scalar field is non-minimally coupled to the Ricci scalar,
the field equations are locally-Lorentz invariant. This
model has extensively been studied in [58]. Obtaining
the equation for the matter perturbations growth implies
that one gets the effective gravitational coupling as:
Geff ≃ 1
1 + ξφ2
. (114)
B. ξ + χ 6= 0
The second possibility is χ 6= −ξ. The constraint (113)
at first order of perturbations leads to
ϕ = −H
φ˙
δφ. (115)
whereas the 00-component of field equations is
11
− 6H2ξφ δφ+ (1 + ξφ2)
[
6H(ϕ˙+Hψ) + 2
∂2
a2
ϕ
]
− ψϕ˙2 + φ˙ ˙δφ+ Vφ δφ− χ
[
2(φ¨ δφ+ 2φ˙ ˙δφ+ φ δφ¨
− ψ˙φφ¨)− 4ψ(φ˙2 + φφ¨)− 2
a2
{
φ∂2 δφ− 3a2H(φ˙ δφ+ φ ˙δφ) + 3a2φφ˙[2H(ψ + ϕ) + ϕ˙]
}
+ 12φφ˙Hϕ− 2φ¨ δφ
− 4φ˙ ˙δφ− 2φ δφ¨+ 2ψ˙φφ˙+ 4(φ˙2 + φφ¨)ψ
]
= −δρm . (116)
Deeply inside the Hubble radius, and for a slow-varying
potential, the former equation becomes
2(1 + ξφ2)
(
k
a
)2
ϕ+ 2χφ
(
k
a
)2
δφ = δρm. (117)
We can also write the ij-component of Eq. (106) with
i 6= j as
(1 + ξφ2)
∂i∂j
a2
(ψ − ϕ) + 2(ξ + χ)φφ˙∂
i∂j
a
α
− 2χφ∂
i∂j
a2
δφ = 0. (118)
This equation can be written by:
(1 + ξφ2)(ψ − ϕ) + 2(ξ + χ)φφ˙aα− 2χφδφ = 0. (119)
We can also write δΘ i0 and Eq. (107) at first order of
perturbations,
2
a2
(1 + ξφ2) ∂i(ϕ˙+Hψ)− 1
a2
φ˙ ∂iδφ+
4
a2
(ξ + χ)φφ˙
(
∂iϕ+
1
2
∂lB
li
)
+
2χ
a2
(− φ˙ ∂iδφ− φ∂i ˙δφ− φφ˙ ∂iψ +Hφ∂iδφ)
= − 1
a2
(ρm + pm)∂
iδu. (120)
δ¨φ+ 3H ˙δφ+
(
Vφφ − ∂
2
a2
)
δφ+ 6ξH2δφ− 2(φ¨+ 3Hφ˙)ψ − φ˙(3ϕ˙+ ψ˙)− 12ξHφ(ϕ˙+Hψ)− 4ξφ∂
2
a2
ζ
+ 6χ δφ(3H2 + H˙)− χφ
[
− 18H2 − 6H˙ + 12(3H2 + H˙)ψ + 6H(6ϕ˙+ ψ˙) + 6ϕ¨+ 2∂
2
a2
(2ζ + ψ − 2ϕ)
]
= 0. (121)
Then, Eq. (121) becomes
(
k
a
)2
δφ+ 4ξφ
(
k
a
)2
ζ + 2χφ
(
k
a
)2
(2ζ + ψ − 2ϕ) = 0.
(122)
Using Eqs. (115), (117), (119) and (122), we can write
the matter density perturbations in which the effective
gravitational coupling takes the form
Geff ≃
(
1 + ξφ2 − 4χφφ˙
H
− φ˙
2
2H2
)(
1 + ξφ2 − χφφ˙
H
)−2
.
(123)
For pure teleparallel theory, provided by χ = 0, it be-
comes
Geff ≃ 1
1 + ξφ2
(
1− φ˙
2
2H2(1 + ξφ2)
)
. (124)
The above result confirms the outcomes discussed in [31].
Finally, we can also obtain the effective gravitational cou-
pling when ξ = 0, which reads
Geff ≃
(
1− 4χφφ˙
H
− φ˙
2
2H2
)(
1− χφφ˙
H
)−2
. (125)
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VII. COMPARISON WITH OBSERVATIONS
In this section, we compare the growth of matter per-
turbations for a specific form of teleparallel theory with
the predictions of the concordance ΛCDM model. Fur-
thermore, we confront the theoretical predictions with
the latest available data. In particular, we consider ac-
tion (9) with
f(T, φ,X) = T + ∂µφ ∂
µφ+ ξTφ2. (126)
Observational tests on this model have been performed in
[59], where a best-fit value of ξ = −0.35 was found. We
can study the dynamics of such a model by introducing
the variables x ≡ φ˙/√6H and y ≡ √−ξφ satisfying the
Friedmann equation Ωm+x
2+y2 = 1 [31]. The evolution
of these variable with respect to the scale factor is given
by
a
dx
da
= −
(
3 +
H˙
H2
)
x+
√
−6ξ y (127)
a
dy
da
=
√
−6ξ x (128)
where
H˙
H2
=
1
1− y2
[
−3x2 + 2
√
−6ξ xy − 3
2
Ωm
]
. (129)
The above system can be solved numerically by using
Ωm = 0.999 and y = 10
−6 as initial conditions for a≪ 1.
We can write the evolution of the Hubble rate as function
of the redshift in the form
H
H0
=
√
Ωm0(1 + z)3 +ΩDE,0(1 + z)3(1+ωDE) , (130)
where ΩDE,0 = 1 − Ωm0. We emphasize that ωDE is a
time-dependent function that evolves according to
ωDE =
x
(−3x+ 4y√−6ξ)
3 (−1 + y2) (x2 + y2) . (131)
Eq. (130) can be tested against data to find constraints on
the coupling constant ξ. In particular, we here consider
the most recent model-independent measurements of the
Hubble rate obtained through the differential age method
(see [60] for details). We list the data together with the
corresponding references in Table I in the Appendix. The
Likelihood function reads
L ∝ exp
{
−1
2
31∑
i=1
(
Hth(zi)−Hobs(zi)
σH,i
)2}
. (132)
We, thus, performed a Markov Chain Monte Carlo
(MCMC) integration via the Metropolis algorithm for
parameters estimation. Fixing H0 = 70 km/s/Mpc,
we assumed uniform priors for the fitting parameters:
Ωm0 ∈ (0, 1) and ξ ∈ (−1, 0). Our numerical analysis
FIG. 1. 68% and 95% confidence level contours and posterior
distributions as result from the MCMC analysis on the Hubble
rate data.
provides Ωm0 = 0.218 ± 0.054 and ξ = −0.351 ± 0.020,
which is consistent with the result obtained in [59]. In
Fig. 1, we show the 1σ and 2σ confidence regions with
the 1D posterior distributions.
We want now to study the evolution of the perturba-
tions on sub-horizon scales. To do that, we introduce the
growth rate g ≡ d ln δm/d lna, so that the matter density
perturbation equation can be written as
a
dg
da
+
(
2 +
H˙
H2
)
g + g2 =
3
2
Geff Ωm , (133)
where (cf. Eq. (124))
Geff =
1
1− y2
[
1− 6x
2
2(1− y2)
]
. (134)
Eq. (133) can be solved numerically by using g = 1 as
initial condition for a ≪ 1. Once g(a) is obtained, we
can find the matter density contrast by integrating
a
δm
dδm
da
= g(a) (135)
with the initial condition δm(a≪ 1) = a.
We can estimate the deviations from the General Rel-
ativity case by comparing our results with the ΛCDM
scenario. The perturbation equation for the matter den-
sity contrast in the ΛCDM model is given by
d2δm
da2
+
[
3
a
+
dE/da
E
]
dδm
da
=
3
2
Ωm0
a5E2
δm , (136)
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where
E(a) =
√
Ωm0a−3 +ΩΛ (137)
with the constraint Ωm0 +ΩΛ = 1.
Using the best-fit results of our MCMC analysis for the
f(T, φ,X) model, we show in Fig. 2 the behaviour of the
growth rate resulting from the solution of Eq. (133) com-
pared to the ΛCDMmodel with Ωm0 = 0.3. We observe a
slower growth rate for the f(T, φ,X) model with respect
to ΛCDM, which means that the gravitational interac-
tion is weaker than in the General Relativity case. Our
result is in agreement with previous findings obtained in
[48, 61]. In Fig. 3, we also show the evolution of the
matter density contrast for the two models.
FIG. 2. Growth rate as function of the redshift for the model
of Eq. (126) with ξ = −0.351 (blue dashed line) and for the
ΛCDM model with Ωm0 = 0.3 (red solid line).
Over recent years, measurements from redshift space
distortion and weak lensing have been obtained in the
redshift interval 0.02 ≤ z ≤ 1.4 for the factor
gσ8(z) ≡ g(z)σ8(z) , (138)
where σ8(a) = σ8
δ(a)
δ(1) is the r.m.s. fluctuation of the
linear density field inside a radius of 8h−1Mpc, and σ8 is
its present day value. A collection of these measurements
is presented in [62]. The data points we consider here are
summarized in Table II in the Appendix. In Fig. 4, we
show the functional behaviour of gσ8(z) for the model of
Eq. (126) and for the ΛCDM model with the indicative
values of Ωm0 = 0.3 and σ8 = 0.8.
FIG. 3. Evolution of the matter density contrast as a function
of the redshift for the model of Eq. (126) with ξ = −0.351
(blue dashed line) and for the ΛCDM model with Ωm0 = 0.3
(red solid line). The bottom panel zooms in on the interval
z ∈ [0, 1].
FIG. 4. Growth rate factor as function of the redshift for the
model of Eq. (126) with ξ = −0.351 (blue dashed line) and
for the ΛCDM model with Ωm0 = 0.3 (red solid line). We fix
σ8 = 0.8.
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VIII. CONCLUSION AND PERSPECTIVES
In this work, we have studied matter density perturba-
tions in a generalized theory of teleparallel gravity, with
Lagrangian f(T, φ,X). In particular, we investigated a
Lagrangian depending upon a scalar field φ, its kinetic
term X and on the torsion scalar T . We derived the cor-
responding background field equations and then investi-
gated scalar and vector perturbations. We found that
the extra degrees of freedom have no significant effect
on small scales. In analogy to f(R) and f(T )-theories,
the effective gravitational coupling is only modified for
scalar perturbations, and vector degrees of freedom re-
main decaying modes. We thus derived the gravitational
coupling in multiple scalar field model. The Lagrangian
considered in the present work covers many teleparallel
models. However, our approach can be extended to more
general frameworks that include Gauss-Bonnet term [63–
65], Galileon [66, 67], Proca theories [68] and other mod-
ified Lagrangian. Conformal transformations have been
studied for f(T ) theory non-minimally coupled to scalar
fields. In the general form, we showed that it has no Ein-
stein frame associated to it. However, one can obtain the
Einstein frame and local Lorentz symmetry in existence
of the boundary term B when its Lagrangian coincides
with f(R). The action (105) is equivalent to consider
the scalar field coupled to gravity by (χR + σT )φ2 or
(−ξR + σB)φ2 where σ := ξ + χ. As σ = 0 we re-
cover the local Lorentz symmetry and the effective grav-
itational coupling is given by Eq. (114). For σ 6= 0, we
obtained the coupling got in Eq. (123). To check the
goodness of our theoretical landscape, we computed the
growth rate of matter perturbations for the specific model
f(T, φ,X) = T +∂µφ ∂
µφ+ξTφ2. Fixing the coupling to
a constant value ξ by using the best-fit value suggested by
cosmological measurements, we compared our outcomes
with the most recent bounds and with the ΛCDM pre-
dictions. We found that the growth rate turns out to be
slower for f(T, φ,X) theories than the one predicted by
the concordance model. We noticed that this is due to a
weaker effective gravitational interaction compared with
Newtonian’s gravity. Our result is consistent with previ-
ous outcomes recently obtained in the literature. Future
works will be dedicated to work on the evolution of per-
turbations on super-horizon scales. There, one expects to
find much more significant deviations from General Rel-
ativity. To this end, we will even work on Monte Carlo
simulated analyses combining low and high redshift data
surveys, with the aim to get more stringent constraints
on the coupling ξ predicted by our f(T, φ,X) approach.
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Appendix: Experimental data compilations
In this appendix, we list the observational Hubble data
and the growth rate measurements used in this work.
z H ± σH References
0.0708 69.00 ± 19.68 [69]
0.09 69.0± 12.0 [60]
0.12 68.6± 26.2 [69]
0.17 83.0± 8.0 [70]
0.179 75.0± 4.0 [71]
0.199 75.0± 5.0 [71]
0.20 72.9± 29.6 [69]
0.27 77.0± 14.0 [70]
0.28 88.8± 36.6 [69]
0.35 82.1± 4.85 [72]
0.352 83.0± 14.0 [73]
0.3802 83.0± 13.5 [73]
0.4 95.0± 17.0 [70]
0.4004 77.0± 10.2 [73]
0.4247 87.1± 11.2 [73]
0.4497 92.8± 12.9 [73]
0.4783 80.9± 9.0 [73]
0.48 97.0± 62.0 [74]
0.593 104.0 ± 13.0 [71]
0.68 92.0± 8.0 [71]
0.781 105.0 ± 12.0 [71]
0.875 125.0 ± 17.0 [71]
0.88 90.0± 40.0 [74]
0.9 117.0 ± 23.0 [70]
1.037 154.0 ± 20.0 [71]
1.3 168.0 ± 17.0 [70]
1.363 160.0 ± 33.6 [75]
1.43 177.0 ± 18.0 [70]
1.53 140.0 ± 14.0 [70]
1.75 202.0 ± 40.0 [70]
1.965 186.5 ± 50.4 [75]
TABLE I. Differential age Hubble data used in this work. The
Hubble rate is given in units of km/s/Mpc.
z gσ8(z) References
0.02 0.428 ± 0.0465 [76]
0.02 0.389 ± 0.065 [77, 78]
0.02 0.314 ± 0.048 [78, 79]
0.10 0.370 ± 0.130 [80]
0.15 0.490 ± 0.145 [83]
0.17 0.510 ± 0.060 [81]
0.18 0.360 ± 0.090 [82]
0.38 0.440 ± 0.060 [82]
0.25 0.3512 ± 0.0583 [84]
0.37 0.4602 ± 0.0378 [84]
0.32 0.384 ± 0.095 [85]
0.59 0.488 ± 0.060 [86]
0.44 0.413 ± 0.080 [87]
0.60 0.390 ± 0.063 [87]
0.73 0.437 ± 0.072 [87]
0.60 0.550 ± 0.120 [88]
0.86 0.400 ± 0.110 [88]
1.40 0.482 ± 0.116 [89]
TABLE II. Growth rate measurements considered in this
work.
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